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f:¥" —[0,1] and Zf(w):l
w

A class C of stochastic languages is often defined
parametrically: an assignment of values to parameters ©
uniquely determines some stochastic language fgo € C.

An important learning criterion

For any data sequence D drawn i.i.d. from any stochastic
language, a Maximum-Likelihood Estimator finds parameter
values © which maximize P(D) with respect to C.

For a class of stochastic languages C, is there an algorithm
which reliably returns a Maximum-Likelihood Estimate (MLE)
of an observed data sample D?
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CLASSES DEFINED BY SINGLE DFAS

Example: Bigram model

Parameters

0a
0><1b
0 x

Oaa
eab
Oax

Hba

O
b Opx
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D = (ab, aabb)

MLE is obtained by passing D through DFA and normalizing.
(Vidal et al. 2005)
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Example: Bigram model

start H

D = (ab, aabb)

Parameters
0ya 2
9>< b

0>4 X

0ua 1
O 2
Oax

Hba
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MLE is obtained by passing D through DFA and normalizing.
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CLASSES DEFINED BY SINGLE DFAS
Example: Bigram model

Parameters
0o 1
0p 0
0y 0
0ua 1/3
O 2/3
0al>< O
Opa 0
O 1/3
b Oy 2/3

D = (ab, aabb)

MLE is obtained by passing D through DFA and normalizing.
(Vidal et al. 2005)
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D = (ab, aabb)

Smallest language consistent with D in C is obtained by passing D through
DFA and ‘activating’ parsed transitions. (Heinz and Rogers 2013)
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CLASSES DEFINED BY SINGLE DFAS

Example: Strictly 2-Local Languages

D = (ab, aabb)

Parameters

Osa
0><1b
9><11><

eaa
eab
Oan

—

=0 | O == OO

Smallest language consistent with D in C' is obtained by passing D
through DFA and ‘activating’ parsed transitions. (Heinz and Rogers 2013)
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OVERVIEW OF RELATED RESULTS

Class C defined with

single finitely
DFA | many DFA

i

type of f:¥X* —{
language f:Y* — |

1 For Boolean languages, the learning algorithms return the
smallest language in C' which includes D.

2 For Stochastic languages, the MLE returns the language in
C which maximizes likelihood of D.

(Vidal et al. 2005, Heinz and Rogers 2013)
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OVERVIEW OF RELATED RESULTS

Class C defined with

single finitely

DFA | many DFA
type of f:¥X* — {0,1} v v
language f:%* —[0,1] v this paper

1 For Boolean languages, the learning algorithms return the
smallest language in C' which includes D.

2 For Stochastic languages, the MLE returns the language in
C which maximizes likelihood of D.

(Vidal et al. 2005, Heinz and Rogers 2013)
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OVERVIEW OF RELATED RESULTS (PART 2)

1 The class of all DFAs is not identifiable in the limit from
positive data (Gold 1967).
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1 The class of all DFAs is not identifiable in the limit from
positive data (Gold 1967).

2 It is NP-hard to find the minimal DFA consistent with a
finite sample of positive and negative examples (Gold
1978).

3 Each DFA admits a characteristic sample D of positive and
negative examples such that RPNI identifies the DFA from
any superset of D in cubic time (Oncina and Garcia 1992,
DuPont 1996).

4 ALEGRIA/RLIPS (based on RPNI) (Carrasco and Oncina
1994, 1999) learns the class of PDFAs in polynomial time
with probability one (de la Higuera and Thollard 2001).

5 Clark and Thollard (2004) present an algorithm which
learns the class of PDFAs in a modified PAC setting. (See
also Parekh and Hanover 2001.)

6 Maximization-Expectation techniques are used to learn the
class of PNFAs, but there is no guarantee to find a global

imum (Rabiner 1989).
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DEFINING C' WITH FINITELY MANY DFA

(How do you define a class C' with finitely many DFA?)

a, b, c? a,b, c? a,b, CQ
b,c ¢ a,c b a, ¢

b

start — start — start —

Product Operations

1 For Boolean languages, use acceptor product (yields
intersection)

2 For Stochastic languages, use co-emission product
(yields joint distribution)
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THE PRODUCT OF THOSE THREE ACCEPTORS
a,b

(exit/accepting arrow at each state is not shown)
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THE PRODUCT OF THOSE THREE ACCEPTORS
a,b

(exit/accepting arrow at each state is not shown)

e If C is defined by this DFA, then C' = Piecewise 2-Testable.

e If C is defined by the 3 atomic DFAs, then C' = Strictly
2-Piecewise.
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CAUSE ...
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The parameters of the model are set at the level of the
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COMPARING THE REPRESENTATIONS

The Product DFA
1 In the worst case, it has [[; |Q;] states and (|| + 1) [], |Qil
parameters.
2 Transitions/parameters are independent of others.
The Atomic DFAs

1 The atomic DFAs have a total of ), |Q;| states and
(IZ] + 1) >, |Q4| parameters.
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COMPARING THE REPRESENTATIONS

The Product DFA
1 In the worst case, it has [[; |Q;] states and (|| + 1) [], |Qil
parameters.
2 Transitions/parameters are independent of others.
The Atomic DFAs

1 The atomic DFAs have a total of ), |Q;| states and
(IZ] + 1) >, |Q4| parameters.

2 The transitions in the product are NOT independent.
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PLUSES AND MINUSES

+ Fewer parameters means more accurate estimation of
model parameters with less data.

— Fewer parameters means the model is less expressive.

e Heinz and Rogers (2013, MoL) extend the method of
‘activating’ data-parsed transitions to learn classes of
Boolean languages defined with single DFA to classes of
Boolean languages defined with finitely many DFA.

e They show it always returns the smallest Boolean language
in the class consistent with the data, and thus identifies the
class in the limit from positive data.
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THE CO-EMISSION PRODUCT

e The co-emission product defines how PDFA-definable
stochastic languages can be multiplied together to yield a
well-defined stochastic language.

e Heinz and Rogers 2010 defined stochastic Strictly
k-Piecewise languages using a wvariant of the co-emission

product.

e They claimed they could find the MLE, but nobody

seemed convinced.

Priz| Pa) [ a [ g
s 0.0335 0.0051 | 0.0011 0.0002
ts 0.0218 0.0113 | 0.0009 0.

y | 0.0009 0. 0.0671 0.0353
tAf 0.0006 0. 0.0455 0.0313

TABLE: Results of SPs estimation on the Samala corpus. Only

sibilants are shown. (Heinz and Rogers 2010, p. 894)
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THE CO-EMISSION PRODUCT (DEFINITION)

def IL gia
P(a | q1,q = —_——
(a| ) S 1L aio

For fixed o, the co-emission product treats the parameters q;o
as independent.
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CONTRIBUTIONS

1 We extend Heinz and Rogers 2010 analysis to classes
defined with

1 the standard co-emission product (not the variant
introduced by Heinz and Rogers)

2 of arbitrary sets of finitely many PDFAs (not just the ones
which define stochastic SPj, languages)

2 Essentially, we prove that parameters which maximize the
probability of the data with respect to such models are
found by running the corpus through each of the individual
factor PDFAs and calculating the relative frequencies.
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SOME DETAILS OF THE ANALYSIS

1 Probability of Words

2 Relative Frequency of Emissions

w

Empirical Mean of co-emission probabilities

4 Main Theorems
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e Let ¢(j,7) denote a state in @; that is reached after M;
reads the prefix o1 ---0y_1.

e If i =1 then ¢(j,7) represents the initial state of M;.

e Let Tj(q,0) denote a parameter (transitional
probabability) in PDFA M;.

e Then the probability that ¢ is emitted after the product
machine ®1§j§K M reads the prefix o7 ---0;_1 is the
following;:

1S, T(a(h, i), 0)
ZU/EE Hszl TJ(Q(]? i)v U,)'

(1)

Coemit(o,i) =
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PROBABILITY OF WORDS

e Consider a class C' defined with the co-emission product of
K machines My ... M.

e Suppose that w =071+ oy

e Let ¢(j,7) denote a state in @; that is reached after M;
reads the prefix o1 ---0y_1.

e If i =1 then ¢(j,7) represents the initial state of M;.

e Let Tj(q,0) denote a parameter (transitional
probabability) in PDFA M;.

e Then the probability that ¢ is emitted after the product
machine ®1§j§K M reads the prefix o7 ---0;_1 is the
following;:

IS, Ty(q(, ), o)

ZU/EE Hszl TJ(Q(]? i)v U,)'

o We assume that there is a end marker x € 3 which
uniquely occurs at the end of words.
N+1
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RELATIVE FREQUENCY OF EMISSION

e Let my(M;,q,0) € Z" denote how many times o is
emitted at the state ¢ while the machine M; emits w.

e Let ny(Mj,q) € Z* denote how many times the state ¢ is
visited while the machine M; emits w.

Then
mw(Mj7 q, U)
nw(Mj q) ’
represents the relative frequency that M; emits o at ¢ during
emission of w.

freq, (o|Mj, q) = (3)
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RELATIVE FREQUENCY OF EMISSION

e Let my(M;,q,0) € Z" denote how many times o is
emitted at the state ¢ while the machine M; emits w.
e Let ny(Mj,q) € Z* denote how many times the state ¢ is
visited while the machine M; emits w.
Then
mw(Mj7Q7 U) (3)
nw(Mj q) ’

represents the relative frequency that M; emits o at ¢ during
emission of w.

freq, (o|Mj, q) =

It is straightforward to lift this definition to data sequences
D = (wi; X, waX, .. .w|D|D<> by letting w = wy X wq X .. -W|p|X.
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EMPIRICAL MEAN OF CO-EMISSION PROBABILITIES
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EMPIRICAL MEAN OF CO-EMISSION PROBABILITIES

sumCoemit,, (o, Mj,q) = Z Coemit(o, ).
i s.t. q(5,9)=q
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EMPIRICAL MEAN OF CO-EMISSION PROBABILITIES

sumCoemit,, (o, Mj,q) = Z Coemit(o, ).
i s.t. q(5,9)=q
The empirical mean of a co-emission probability is defined as

follows:

. sumCoemit,, (o, M;, q)
Coemity,(c|M:,q) = )
w( | J q) nw(Mj Q)

(4)
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EMPIRICAL MEAN OF CO-EMISSION PROBABILITIES

sumCoemit,, (o, Mj,q) = Z Coemit(o, ).
i s.t. q(5,9)=q
The empirical mean of a co-emission probability is defined as

follows:

. sumCoemit,, (o, M;, q)
Coemity,(c|M:,q) = )
w( | J q) nw(Mj Q)

(4)

This is the sample average of the co-emission probability when
q € Qj is visited.
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MAIN THEOREM
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MAIN THEOREM

Consider any parameter T)(¢q,0) in PDFA M;.

OP(D)/0T}(q,0) = 0 holds for all j if and only if the following
equation is satisfied for all 1 < j < K:

freq,, (0| M}, q) = Coemit,(o|M;,q) .
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EXAMPLE

a,b b a,b
start —>8 start %8#

a aab

Q)

FIGURE: The 2-set of of SD-PDFAs with ¥ = {a,b}. There are 15
parameters. Suppose D = abb x bbbix.
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EXAMPLE

freqp(a|lMx,A) =1/8  freqp(a| Mgy, A) =1/5  freqp(a|Mg,a) =0/3,
freqp (| Mx, A) =5/8  freqp(b|Mgy, A) =3/5  freqp(b|Mg,a) =2/3,
freqp (x| My, N) =2/8 freqp(X| Mg, A) =1/5 freqp(x|Mg,a) =1/3,

freqp(a|Mp, ) =1/3  freqp(al My, b) = 3/5,
freqp (b My, A) =2/3  freqp (b My, b) = 0/5,
freqp (x| My, \) =0/3  freqp (x| My, b) =2/5,

FIGURE: Frequency computations with D = abb x bbbix and the 2-set
of of SD-PDFAs on previous slide.
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CONVEXITY OF THE NEGATIVE LOG LIKELIHOOD
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CONVEXITY OF THE NEGATIVE LOG LIKELIHOOD

Let 7j 4,0 denote logTj(q,0); i.e. the log of a parameter of C
defined with @); M.
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CONVEXITY OF THE NEGATIVE LOG LIKELIHOOD

Let 7j 4,0 denote logTj(q,0); i.e. the log of a parameter of C
defined with @); M.

Then 7 can be thought of as a vector in R™ where n is the
number of parameters.
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CONVEXITY OF THE NEGATIVE LOG LIKELIHOOD

Let 7j 4,0 denote logTj(q,0); i.e. the log of a parameter of C
defined with @); M.

Then 7 can be thought of as a vector in R™ where n is the
number of parameters.

—log P(w) is convex with respect to 7 € R™.
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CONVEXITY OF THE NEGATIVE LOG LIKELIHOOD

Let 7j 4,0 denote logTj(q,0); i.e. the log of a parameter of C
defined with @); M.

Then 7 can be thought of as a vector in R™ where n is the
number of parameters.

—log P(w) is convex with respect to 7 € R™.

Thus the solution obtained by the previous theorem is a MLE.
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DiIscussIioN
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DiIscussIioN

At a high level, the problem we considered is a decomposition
of complex probability distributions into simpler factors.
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DiIscussIioN

At a high level, the problem we considered is a decomposition
of complex probability distributions into simpler factors.

This has also been studied in the context of Bayesian networks,

Markov random fields, and probabilistic graphical models more
generally (Bishop, 2006; Koller and Friedman, 2009).
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DiIscussIioN

At a high level, the problem we considered is a decomposition
of complex probability distributions into simpler factors.

This has also been studied in the context of Bayesian networks,
Markov random fields, and probabilistic graphical models more

generally (Bishop, 2006; Koller and Friedman, 2009).

A reviewer points out that this literature may simplify our
proofs.
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FUTURE WORK

1 Language Modeling with various sets of specific factors and
various corpora such as ...

1 SLjp + SPyg

2 SLP, (Rogers and Lambert 2019, MoL)

3 Atomic PDFA based on phonological features (Chandlee et
al. 2019, MoL)

2 ...and compare to NNs, ALERGIA, and other algorithms
on various benchmarks.

3 Connections to probababilistic graphical models

4 Extend results to weighted deterministic automata.
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