Syntax and Semantics of Weighted MSO Logic J. Heinz

1 Semirings

We have seen how we can use logic to describe functions f : ¥* — {true,false}. Weighted
Logics allow one to describe functions with different co-domains, including N, [0, 1], A* and so on.
Crucially, the co-domain is a mathematical object known as a semiring. We basically follow the
presentation by | .1

A semiring is a set S with two binary operations @, ®, called ‘addition/plus’ and ‘multiplica-
tion/times’, and with elements 1 and 0 with the following properties satisfied for all z,y,z € S:

TDY, xRy €S
rDYy=yodx
0z=200==z

(P1) closure under @ and ®)
(P2)

(P3)

(P4) 1@z=z®l==

(P5)

(P6)

@ is commutative)

0 is the identity for &)

1 is the identity for ®)

0 is an annihilator for ®)
® right distributes over @)

0zrz=20=0
rRydz)=(rRy)P®(r® 2)

N N AN N N

Below are some examples of semirings.

Name S o ® 0 1 Name S e ® 0 1
Boolean {true,false} V A false true Viterbi [0,1] max x 0 1
Natural N + X 0 1 Language P(X*) U - 0 {\}

Previously we could understand existential quantification as disjunction over the elements in the
domain whereas universal quantification is a conjunction of the elements in the domain. With
WMSO, existential quantification combines the elements of the domain with & whereas universal
quantification combines them with ®.

2 Weighted MSO Logic for relational models
Definition 1 (Formulas of WMSO logic)

The base cases. For all variables z,y € {xg,x1,...}, X € {Xo,X1,...}, and for all R € M the
following are formulas of MSO logic.

(B1) s, for each s € S (atomic semiring element)
(B2) z=y (equality)

(B3) —(z=1y) (non-equality)

(B4) e X (membership)

(B5) —(z € X) (non-membership)

(B6) R(&X), for each R e M (positive relational atom)
(B7) —R(&X), for each R € M (negative relational atom)

It is understood that the |Z| = arity(R). So if R is a unary relation, then ¥ = (). If R is a
binary relation, then ¥ = (z,y), and so on.

! An important difference is I have kept equality, which they omit.
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The inductive cases. If ¢, are formulas of MSO logic, then so are

(I11) (¢ V) (disjunction)
(12) (¢ A1) (conjunction)
(13) (3x)[¢] (existential quantification for individuals)

(I4) (3X)[p] (existential quantification for sets of individuals)
(I5) (Vx)[¢] (universal quantification for individuals)
(I6) (VX)[¢] (universal quantification for sets of individuals)

Nothing else is a formula of MSO logic. Note negation only applies to the base cases.

As before, interpreting ¢ requires an assignment function S. We write [[gp]] (S, w) to express the
value in S that ¢ assigns to M,,. Let D be the domain of M,,. .

Definition 2 (Interpreting formulas of WMSO logic)

The base cases.

(B1) [s](S,w) = s
(B2) [(x=9)](S[z— e1,y+— es],w) o iff e1 = ez , 0 otherwise
(B3) [(=(z=y))](Slz — e1,y — ea],w) “ iff e1 = e2 , 1 otherwise
(B4) [z € X](S[z+ e,X — E],w) L iffec E , 0 otherwise
(B5) [[—l(azGX)]] [z — e, X — E],w) E iffee £ , 1 otherwise
(B6) [R(&)](S[Z — €], w) o iff My = R(€) , 0 otherwise
(B7) [-R(Z)](S[Z — €], w) Y9 iff My = R(€) , 1 otherwise
The inductive cases.
1) [eve)]sw) 2 [e]Ewsle]@ w)
12) [erw]Ew = [e]Ew)eldsw)

13) [Ge)l]Sw) € @ple] Sl e w)
@) [EXP]6w) € DueplelSIX — Elw)
15) [(vo)el]Sw) € ®.cple]Sle > el w)
(16)  [(vX)[el](S,w) Qpep [#] SIX = E],w)

&
<

When there is universal quantification over individuals (Vx ), the multiplication is done according
to the natural order. When there is universal quantification over sets of individuals, an order
over the subsets of the domain must be assumed. Since addition is necesarily commutative (unlike
multiplication), we do not worry about the order of the computation for existential quantification.

Let € be a class of objects (like ¥*) and let S be a semiring. Let M denote a model signature
for (elements of) Q. Let ¢ be a sentence of WMSO(M). Then [¢]: Q — S.
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